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Dirac plasmons in graphene are very sensitive to the dielectric properties of the environment. We
show that this can be used to probe the structure and composition of van der Waals heterostructures
(vdWh) put underneath a single graphene layer. In order to do so, we assess vdWh composed of
hexagonal boron nitride and different types of transition metal dichalcogenides (TMDs). By per-
forming realistic simulations that account for the contribution of each layer of the vdWh separately
and including the importance of the substrate phonons, we show that one can achieve single-layer
resolution by investigating the nonlocal nature of the Dirac plasmon-polaritons. The composition
of the vdWh stack can be inferred from the plasmon-phonon coupling once it is composed by more
than two TMD layers. Furthermore, we show that the bulk character of TMD stacks for plasmonic
screening properties in the terahertz regime is reached only beyond 100 layers.
I. INTRODUCTION
Graphene [1] and other two-dimensional (2D) materi-
als, such as the transition metal dichalcogenides [2, 3]
(TMDs), have been intensively investigated due to their
unique opto-electronic properties [4–14]. The optical
response of each material is different due to, e.g., the
presence or absence of band gaps [15, 16], the specific
type of the electronic structure, and is also influenced
by the intrinsic mobility of the electrons themselves [17].
The latter is especially important for graphene be-
cause it is responsible for the manifestation of so-called
plasmons, collective excitations of the 2D electron liq-
uid [18, 19]. It has been shown that graphene plas-
mons, also called Dirac plasmons, referring to the single-
particle energy spectrum of graphene [20], can be sup-
ported at mid infra-red [6, 21, 22] to terahertz (THz) fre-
quencies [6, 11, 23, 24] and show strong electromagnetic
field confinement [20, 25]. TMDs, on the other hand,
due to their large band gap [16, 26], behave as dielectrics
at low frequencies, thus not supporting plasmons if not
extrinsically doped [27].
These 2D materials can be combined in so-called van
der Waals heterostructures (vdWh) [4]. Such structures
can be made by stacking different layers on top of each
other [2, 4, 5, 9, 10, 14, 28] or even next to each other
forming so-called lateral heterostructures [2, 28–33]. A
large corpus of literature has been devoted to the inves-
tigation of fabrication techniques to create these nanos-
tructures [2–5, 10, 28–35]. It has been shown that differ-
ent opto-electronic properties of the components making
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FIG. 1. (Color online) (a) Schematic illustration of the Dirac
plasmon wave in van der Waals heterostructures (vdWh) com-
posed by a monolayer graphene (G) on N-MX2 (M=W,Mo
and X=S,Se) and a substrate (SiO2). The graphene surface
plasmon-phonon polariton wavelength is λ. Note that the
monolayer graphene covers the entire sample. (b) Illustration
of the phonon-polariton vibration in a vdWh composed of
G/3-MX22/SiO2. Its hybridization with Dirac plasmon orig-
inates from the hybridized surface plasmons (SP3). (c) and
(d) illustrate the method presented in the paper. λ changes
when (c) the number of layers in the same material changes,
or (d) due to change of materials. λ is larger (smaller) when
the screening is stronger (weaker). The situation shown in
panel (d) occurs for a specific Fermi level and frequency if the
phonon frequencies in both materials are different.
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2selecting the different constituents, one could achieve
materials that are tailor-made to bolster specific be-
haviour [34, 35]. Conversely, this means that one could
also investigate the opto-electronic response of certain
vdWhs to assess their composition and atomic struc-
ture. In this paper, we investigate Dirac plasmon states
for specific types of vdWh stacks consisting of layers of
hexagonal boron nitride (hBN) and different MX2 types
of TMDs, composed by a metal (M = Mo or W) layer
surrounded by two layers of a chalcogen (X = S2 or Se2),
topped by a single graphene layer, as illustrated in Fig.
1(a). Specifically, we investigate the way in which Dirac
plasmons in the graphene layer are affected by the con-
stituents of the remainder of the heterostructure and pro-
pose a method to infer its local layer number and compo-
sition based on local plasmonic properties. Notice that
by investigating the effect on Dirac plasmons, we narrow
down the spectral region of investigation from the THz
to the far-infrared regime. Consequently, other kinds of
collective effects, such as excitons, trions or biexcitons,
for which traditionally TMDs are well-studied and that
have excitation energies of more than 1 eV [36], will not
be affecting the spectral range discussed in this study.
Also, we consider doping only in the graphene layer.
This means that there are no free electrons in the hBN
and TMD layers and, therefore, the plasmonic response
can only come from graphene’s Dirac plasmons. Conse-
quently, properties such as carrier mobility of the TMD
layers are not affecting the obtained results.
Dirac plasmons in graphene arise as collective excita-
tions of the electronic liquid in the 2D material because of
electron-electron Coulomb interaction acting as a restor-
ing force for deformations in the otherwise homogeneous
electron density [6, 7, 18–20, 25]. While the electrons
themselves are confined to the 2D material, the electro-
magnetic field lines associated with the Coulomb force,
propagate through the surroundings, and as such are very
sensitive to its composition, i.e dielectric properties. In-
deed, as shown in Fig. 1(b), the electromagnetic field
is screened due to a polarization of the dielectric envi-
ronment which effectively slows down plasmon propaga-
tion. This combined excitation, i.e. a Dirac plasmon with
the surrounding polarization cloud, is often called a sur-
face plasmon-polariton (SP2) [37]. However, if the plas-
mon frequency and wavevector match those of intrinsic
phonons in the dielectric environment, both modes can
hybridize, yielding a combined surface plasmon-phonon-
polariton mode (SP3) [20, 38–40].
The Dirac plasmon modes, coupled to the underly-
ing heterostructure, can be measured by making use of
the well-known scatter-type scanning near-field optical
microscope (s-SNOM) [24, 41, 42] as shown schemati-
cally in Fig. 1(a). This allows to measure the plasmonic
wavelength, with a typical resolution of the order of 20
nm [12, 40–46], using interference fringes formed with the
plasmon modes scattering of the edge of the heterostruc-
ture or at lateral defects in the system. Upon investiga-
tion of the dependency of the plasmon wavelength on the
tunable graphene carrier concentration, this technique al-
lows to use plasmonic excitations as near-field probes of
the material’s properties underneath the graphene sheet.
In Figs. 1(c) and (d), we illustrate how this can be used
to measure locally the layer structure and composition of
the heterostructure.
In this paper, we apply the above-mentioned method to
study the dependency of SP2 and SP3 modes on the num-
ber and type of layers underneath the graphene sheet. We
consider on the one hand hexagonal boron nitride (hBN)
and on the other hand four types of TMDs (WS2, WSe2,
MoS2 and MoSe2). By using realistic simulations that
combine the random phase approximation (RPA) and
density functional theory (DFT) calculations, in com-
bination with the quantum electrostatic heterostructure
model (QEH) [47], we are able to investigate the way
in which plasmon properties depend on the number of
heterostructure layers and the chemical composition of
these heterostructures. Furthermore, the use of QEH
also allows to properly account for substrate induced ef-
fects such as surface phonons that can interfere with the
plasmons as well [48]. We provide a realistic evaluation
of the way in which different numbers of layers of the
heterostructure screens the electromagnetic field of the
plasmon modes and, as such, decreases its wavelength.
Also, the QEH allows to assess SP3 modes, which are
characteristic of the chemical composition of the TMDs.
In this way, one can achieve a layer sensitivity of a sin-
gle layer and differentiate between different TMDs for
heterostructures thicker than 2 layers.
The paper is structured as follows. In Sec. II we intro-
duce the theoretical treatment of Dirac plasmons in vd-
Whs, introducing substrate effects and the way in which
the QEH calculates the role of each layer separately. In
Sec. III we calibrate the model against known RPA re-
sults and experimental results for graphene/hBN het-
erostructures and discuss the role of the substrate. In
Sec. IV we show how SP3 modes can be used as a means
to probe the vdWh layer structure and composition and,
finally, in Sec. V we present our conclusions.
II. THEORY OF THE DIELECTRIC RESPONSE
OF HETEROSTRUCTURES
Dirac plasmons are resonances of the free electron liq-
uid in graphene. These modes can be obtained by solving
the plasmon equation which corresponds to the zeroes of
the total system’s dielectric function (q, ω) [18, 19, 49–
52]
(q, ω) = 1− v (q, ω) χ˜nn(q, ω) = 0 . (1)
In Eq. (1), χ˜nn(q, ω) is the proper density-density re-
sponse function [18] and v (q, ω) is the Fourier trans-
form of the Coulomb interaction between the Dirac elec-
trons. In general, both factors depend on the proper-
ties of the system as a whole. However, we will ap-
proximate the former by the non-interacting density-
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3density response function χ0(q, ω), which corresponds
to the RPA. This only depends on the properties of
graphene. The latter, however, describes electromagnetic
field lines that mainly propagate through the surround-
ing of the graphene sheet, and are, therefore, strongly
affected by them. In general, the 2D Fourier transform
of the Coulomb interaction is given by
v (q, ω) =
2pie2
q¯ (ω)
. (2)
Equation (2) makes the role of the heterostructure very
clear. Indeed, it is the screening of the Coulomb inter-
action introduced by the dynamical background dielec-
tric function ¯(ω) that encodes the presence of the en-
vironment. In order to exemplify how the background
dielectrics are affecting the Dirac plasmons, one can cal-
culate the dispersion in the long-wavelength limit and
obtain [25, 50, 51]
λ(ω; ¯, EF) =
2pi
q(ω; ¯, EF)
=
piαeeNfvF
~ω2
EF
¯(ω)
. (3)
In Eq. (3), αee = 2.2, Nf = 4 and vF = 10
6 m/s are
parameters related to the graphene sheet corresponding
to the graphene fine structure constant, the number of
fermion flavours and the Fermi velocity, respectively [17].
EF is the Fermi level of graphene. Eq. (3) exemplifies how
an increase in the average dielectric constant of the en-
vironment decreases the overall plasmon wavelength. As
such, since hBN and TMDs all have a larger dielectric
screening constant than vacuum, adding more layers to
the system should, in general, decrease the wavelength of
the collective excitation yielding a screened SP2. How-
ever, the environmental dielectric function ¯(ω) can have
a non-trivial dynamical dependency on ω. This strongly
affects the plasmonic wavelength when ω is close to the
frequency of collective lattice vibrations of the environ-
ment, such as phonons, which gives rise to the hybrid
collective modes SP3.
In this paper, we consider set-ups as schematically de-
picted in Figs. 1(a) and (b), i.e. a system consisting of a
substrate, N layers of dielectric such as hBN or MX2, and
topped with a layer of graphene. We shall denote them
as G/N-dielectric/sub. Considering the substrate, we
choose to always compare SiO2. One may also consider
other substrates, such as SiC [53], HfO2 and Al2O3 [54].
Our choice for SiO2 as a substrate is motivated as follows:
(i) it is widely used in graphene-based plasmon experi-
ments [5, 7, 9–12, 24, 38, 40, 43–46, 55]; (ii) consider-
ing a different substrate, will affect the observed results
only in a quantitative way. We do, however, take into ac-
count substrate specific effects such as substrate phonons,
which will naturally be different for other substrates, but
the qualitative result and accuracy of the method will
not be affected by this. Both the substrate, as well as
the N-layer dielectric, can induce non-trivialities in the
environmental dielectric function. In the following, we
lay down how to account for both of them.
A. Coupling to substrate phonons
An important non-trivial inclusion of substrate ef-
fects are surface phonons. In order to account for
them, the most straightforward manner is by consid-
ering a frequency-dependent dielectric function of the
form [25, 38]
sub (ω) = 
∞
‖ +
M∑
n=1
fnω
2
TO,n
ω2TO,n − ω2 − iωγTO,n
. (4)
In Eq. (4), ∞‖ is the in-plane high-frequency dielectric
constant, M represent the number of surface transverse
optical (TO) phonon modes, and ωTO,n and γTO,n are
respectively the frequency and damping of the n-th TO
surface phonon mode, weighted by fn. To find the exact
plasmon-phonon dispersion, and subsequent the wave-
length defined in Eq. (3), it suffices to solve the plas-
mon equation shown in Eq. (1), where in the absence of
a dielectric in-between the substrate and the graphene,
¯(ω) = (0 + sub(ω))/2. Note that plasmon, phonon and
their hybrid modes also correspond to the maxima of the
loss function L(q, ω), which is defined as
L(q, ω) = −Im
[
1
(q, ω)
]
. (5)
In the following section, we will include the role of the in-
termediate dielectric through the use of the QEH model.
As it accounts for each layer separately, the output of this
model is a loss function. Finally, notice that the γTO,n
coefficients are determined by extrinsic factors, such as
impurities [56] and defects [57] in-between the substrate
and the heterostructure. They will result in a spectral
broadening of the surface phonons. Since their magni-
tude depends on the specific set-up [38], in this paper we
will not include them[48].
B. Quantum electrostatic heterostructure model
The quantum electrostatic heterostructure (QEH) [47]
model is used to calculate the non-local dynamical re-
sponse of the considered vdWh. The model is especially
suited for the current investigation because it calculates
the dielectric properties of stacks of layers through a
bottom-up approach in which the impact of each layer
is treated separately.
More recently, the QEH model received an imple-
mentation for doped graphene layers in the low energy
regime [48, 58]. This regime requires a much more dense
grid of k-points to correctly describe its properties, which
is achieved by the use of an analytical solution for the
density response function. The combination of analyti-
cal solutions for the response function and DFT calcu-
lated induced densities enables more accurate and fast
calculations with graphene layers.
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4The QEH uses the density-density response function
of the i-th layer χi
(
z, z′,q‖, ω
)
individually, that was
previously obtained through ab-initio calculations. No-
tice that in this case the vertical spatial dimension z
is retained. Subsequently, the total response function
of the heterostructure is built by coupling each single
layer together by the long-range Coulomb interaction by
solving a Dyson-like equation. Omitting the q‖ and ω
variables for simplicity, the Dyson equation of the total
density-density response function of the complete vdWh
reads [47]
χiα,jβ = χiαδiα,jβ + χiα
∑
k 6=i,γ
Viα,kγχkγ,jβ , (6)
where the Coulomb matrices are defined as
Viα,kγ
(
q‖
)
=
∫
ρiα
(
z,q‖
)
Φkγ
(
z,q‖
)
dz , (7)
and Φkγ
(
z,q‖
)
is the potential created by the density
profile, ρkγ
(
z,q‖
)
. In Eq. (6), α = 0, 1 represents the
monopole and dipole components, respectively.
Through this formalism, one obtains the inverse dielec-
tric function of the vdWh as
−1iα,jβ
(
q‖, ω
)
= δiα,jβ +
∑
kγ
Viα,jβ
(
q‖
)
χkγ,jβ
(
q‖, ω
)
.
(8)
Notice that in contrast to the dielectric function pre-
sented in Eq. (1), here we obtain a tensorial form. Con-
sequently, the loss function can be found through
L
(
q‖, ω
)
= −Im [Tr (−1 (q‖, ω))] . (9)
Collective modes can now be found as the maxima of this
loss function.
Finally, notice that the QEH model also allows to ac-
count for intrinsic phonons in the constituent layers. It
manages to do so by adding the phonon contribution
to the dielectric response function of the individual lay-
ers through the calculation of the lattice polarizability,
αlatij (ω), in the optical limit [48]. This calculation can
be considered parameter free, because it is mainly de-
rived from the Born effective charges of the isolated lay-
ers [59, 60]. The Born effective charges are defined as
tensors that give the proportionality between the varia-
tion of the polarization density due to an atomic displace-
ment and are obtained by the discretized derivative of the
2D polarization density, that follows the Berry phase for-
malism, in the finite difference method [48, 59, 60]. Thus,
considering the contributions of electrons and phonons,
the total monopole and dipole component of i-th layer
are defined as
χtotali0
(
q‖, ω
)
= χeli0
(
q‖, ω
)− q2‖αlat‖ (ω) (10a)
χtotali1
(
q‖, ω
)
= χeli1
(
q‖, ω
)− αlatzz (ω) , (10b)
where αlat‖ denotes the 2 × 2 in-plane submatrix of αlat.
The total response functions are then used in Eq. (6),
from which the consecutive loss function is obtained.
(More details of the QEH model and the way it includes
phonons is described in Ref. 48).
The major advantage of the use of the QEH model is
the availability of a vast database containing the dielec-
tric building blocks of 2D materials [61], allowing us to
reuse previously obtained DFT results. This enables the
careful analysis of different vdWh systems on a layer-
by-layer basis, without the need to treat the dielectric
environment as slabs of bulk material.
III. SUBSTRATE EFFECTS AND
CALIBRATION
Before we discuss the impact of the number of layers
and composition of the vdWhs on the plasmon proper-
ties, we first investigate the role of the substrate on which
the total system of vdW coupled layers rest. We assume
this substrate to be SiO2, which is frequently used for
this purpose [38, 44, 55, 62]. Furthermore, we use the
well-studied hBN-graphene heterostructure as a means
to calibrate the QEH code against two sets of experi-
mental results [40, 43].
A. The importance of substrate surface phonons
In order to elucidate the effect of the SiO2 substrate
and to calibrate the QEH implementation of substrate
effects, we consider the environmental dielectric function
sub (ω) as discussed in Sec. II A both in the RPA treat-
ment and with the QEH model. Table I contains the
values of the frequency ωTO,n and oscillator strength fn
of the three TO surface phonons present in SiO2 [38].
The high-frequency limit of the SiO2 in-plane dielectric
constant is ∞‖ = 2.4.
In Fig. 2(a) we show that RPA and QEH are in excel-
lent agreement by comparing the loss function of QEH
with the exact zeroes of the RPA dielectric function.
Here, we assumed a graphene EF = 0.37 eV on SiO2
with three phonons as indicated by the horizontal lines.
There are three regions where the SP2 hybridizes into
SP3 modes due to the coupling with the surface phonons
TABLE I. Phonon parameters of the substrate. Three optical
transverse (TO) phonons were considered for SiO2. The val-
ues of TO frequencies (ωTO,n) and their respective oscillator
strength contribution (fn) were extracted from Ref. [38].
n = 1 n = 2 n = 3
ωTO,n (meV) 55.58 98.22 139.95
fn 0.7514 0.1503 0.60111
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5FIG. 2. (Color online) (a) Comparison between the QEH
(loss function) and RPA (symbols) for the SP3 dispersion in
graphene with EF = 0.4 eV on SiO2 as a substrate. Hy-
bridization with the substrate phonons (~ωSOi=1,2,3, hori-
zontal gray dashed lines) is clearly visible. (b) Results at
EF = 0.1 eV for G/10-MoS2 on SiO2 with phonons (loss
function) and without phonons (dash-dotted orange lines), as
calculated the QEH. The unhybridized phonon modes, hori-
zontal blue branches in the loss function, have been omitted
for G/10-MoS2 on SiO2 without phonons (dash-dotted orange
lines). For reference, in (a) and (b), the SP2 dispersion with-
out phonons is presented as dashed lines (red and orange,
respectively).
of the SiO2 substrate. For reference, we represent in
Fig. 2(a) the SP2 dispersion for G/SiO2 (dashed red
curve) with a static dielectric constant 0 = 3.9 [63].
The inclusion of substrate phonons is important in
studying plasmon properties of vdWhs. This is shown in
Fig. 2(b), where we used the QEH model for a vdWh with
ten layers of MoS2 with and without substrate phonons.
This reflects directly on the SP3 dispersion, where in ad-
dition to coupling with two of the MoS2 phonons, the
plasmons will also couple with the SiO2 surface phonons.
Notice that the influence on the SP3 mode is not only
manifested at the first phonon frequency ~ωSO1, but re-
sults in an up to 27% decrease in plasmon wavelength
at ~ω = 50 meV, i.e. increase in plasmon wave vector q
even at much lower frequencies.
B. Calibration of the QEH model for G/N-hBN
vdWhs
Using the QEH, we shown in Fig. 3(a) the dispersion
of SP2 modes for different values of the Fermi energy EF .
In the non-retarded regime, these parabolic curves are de-
scribed by the simple equation [25, 50, 51] ω ∼√EFq/.
In Fig. 3(b), we show the QEH loss function in the ab-
sence of a doped graphene sheet for a system containing
100 hBN layers, i.e. a slab of about 33.3 nm thick [65].
We see the presence of so-called hyperbolic phonon po-
laritons (HP2) that appear in two given energy bands
due to the anisotropy of the hBN dielectric tensor [10, 46].
The two hyperbolic regions, denominated as Reststrahlen
(RS) bands, are defined as energy regions where one of
the coefficients of the dielectric tensor becomes negative.
Due to the fact that these modes are trapped inside the
hBN slab, discretization of energy appears.
Upon the addition of a doped graphene sheet, the SP2
modes can hybridize with the HP2 modes of the hBN
material, giving rise to new mixed SP3 and hyperbolic
plasmon-polariton (HP3) modes as presented in Fig. 3(c)
for G/10-hBN and G/50-hBN with EF = 400 meV. We
point out that due to the hyperbolicity of the HP2 modes,
the wavelength dependence on the number of hBN lay-
ers is opposite for the upper branch of the SP3 modes
with respect to the lower branch. This comes as a sur-
prise, since one would expect that screening for a thicker
hBN slab should be more important than for a thinner
one. However, this observation underlines the difference
of HP2 modes with respect to normal phonon polariton
modes as presented in the MX2 examples in the next
section. Also, notice that upon comparison of the hBN
results with the MoS2 results presented in Fig. 2(b), one
can see that in the absence of hyperbolicity, no confined
modes appear.
A comparison of the results obtained from the QEH
and those obtained experimentally for the SP3 and
HP3(II) modes (the experimental data were extracted
from Refs. [43] and [40], respectively) is illustrated in
Figs. 3(d)-(e) and shows very good agreement. Fig-
ure 3(d) shows the SP3 dispersion for graphene encap-
sulated by hBN (21-hBN/G/138-hBN) and Fig. 3(e)
presents the results for G/75-hBN. Notice that upon
comparison to the literature, it becomes clear that the ex-
act spectral position of the RS bands is not yet uniquely
determined. In the Appendix, we compare the QEH
model to different definitions and show our obtained re-
sults for the frequencies that define the two RS in hBN, as
well as the phonon frequencies for a free-standing mono-
layer of all TMDs considered in this paper.
IV. PROBING LAYER STRUCTURE AND
COMPOSITION
Now, we are in a position to show how one can use SP2
and SP3 modes to probe the layer structure and the com-
position of the vdWhs. To do so, we assess the plasmon-
phonon dispersion of four types of TMDs, namely MoS2,
MoSe2, WS2 and WSe2. These materials are often used
in the construction of vdWhs [4, 5, 9, 14, 34, 35, 46, 66].
Moreover, their chemical similarity makes them interest-
ing candidates to show the sensitivity of the proposed ap-
proach. Finally, because of their shared crystallographic
structure, namely they all have a MX2 form, the num-
ber of phonon modes in the 2D materials is all the same,
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6FIG. 3. (Color online) (a) Plasmon dispersion of the SP2 in free-standing MLG with Fermi energies of EF = 100 meV,
200 meV and 400 meV. (b) Calculated dispersion of the HP2 in 100 h-BN layers. The hyperbolic regions type I and II
correspond to the regions between the two upper and lower grey dashed lines, respectively. (c) Plasmon-phonon dispersion
for MLG with EF = 400 meV on 10, represented by the loss function, and 50 h-BN layers with SiO2 (without phonons) as
substrate (G/N-hBN/SiO2), represented by the orange dashed lines. (d) and (e) are a comparison between the QEH model
and experimental results (symbols) [40, 43] for 21-hBN/G/138-hBN and G/75-hBN, respectively. In panel (e), the RS band II,
obtained from the QEH, is delimited by the dashed gray lines (for comparison, the horizontal gray dashed dotted-dotted lines
obtained from Ref [64] using solely first principles calculations is used as reference in (e)). The experimental data used in (d)
and (e) were extracted from Refs. [43] and [40]. A false color map represents the loss function in arbitrary units.
but their respective phonon frequencies differ. For refer-
ence, the phonon frequencies of freestanding monolayer
for each TMDs used in this paper, obtained from the
QEH, are provided in Table III of the Appendix.
A. Probing the number of layers
In Fig. 4 we show how the addition of individual
MX2 layers affects the Dirac plasmon wavelength λ for
each structure. We fixed the graphene doping at EF =
100 meV and excitation frequency ~ω = 25 meV. The
latter is chosen to be below all phonon frequencies in
both the substrate and the different MX2 layers. In this
way, we mainly excite SP2 modes and the effect should
be mainly attributed to an increase in dielectric screening
due to the permittivity of the MX2 layers.
Panel (a) in Fig. 4 shows how the plasmon wavelength
decreases with the number of MX2 layers added when no
substrate is considered. Also, we show the ’bulk’ limit,
which is achieved only at about 150 layers. Results for
N > 150 are verified to be the same (within numerical ac-
curacy) up to 350 MX2 layers, thus confirming this bulk
limit. This is a surprisingly large number of layers. It
was previously established that multilayered structures,
such as graphite [67], achieve their bulk electronic prop-
erties at about 10 layers. However, here we show that
this does not work for the plasmonic properties, where
at least hundreds of layers are needed for bulk behaviour
to occur. This observation underlines the necessity for
a realistic modeling of plasmon properties, as performed
with the QEH model. In Fig. 4(b), we show how a SiO2
substrate affects the layer dependency. As expected, the
substrate results in an overall screening and the wave-
length is reduced. Also here, bulk TMD behaviour is
reached for about 150 layers.
Notice that, interestingly, the order of the wavelength
values of WS2 and MoS2 is switched when increasing the
number of layers. Indeed, while for a few layers, the wave-
length in the WS2 system is the largest, in the bulk case,
it is the MoS2 system that has the largest wavelength. To
describe this peculiar effect, in Fig. 4(c), we show both
results for two different frequencies. As one can see, for
a frequency closer to the first phonon frequency of MoS2
(see Tab. III), for example ~ω = 30 meV, the crossing oc-
curs for a smaller number of layers than for ~ω = 25 meV.
This is a direct consequence of the presence of phonons
in MoS2. The lowest of them has a frequency given by
34 meV. In WS2, the phonons at 36 meV are not signif-
icantly hybridized into SP3 modes, causing this crossing
between the plasmon wavelength of these two TMDs. A
comparison between the plasmon dispersions for 44 and
82 layers of WS2 and MoS2 is depicted in Figs. 4(d) and
4(e), respectively, where one can see the crossings at 30
meV (d) and 25 meV (e).
Finally, in Fig. 5 we show the sensitivity of the pro-
posed method with respect to the number of MX2 layers.
As a function of the induced Fermi level in the graphene
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7FIG. 4. (Color online) Graphene surface plasmon-polariton
wavelength as a function of the number of layers of MoSe2
(red), WSe2 (green), MoS2 (orange) and WS2 (blue) for
~ω = 25 meV (≈ 6 THz) at EF = 100 meV, (a) without a
substrate and (b) with SiO2 as a substrate. The insets in (a)
and (b) show a magnification of the the results for 1 to 5 layers
of MX2 without and with a substrate, respectively. (c) Com-
parison between the SP3 wavelength for G/N-MoS2/SiO2 and
G/N-WS2/SiO2 at frequencies 25 and 30 meV, respectively.
The crossing between the plasmon wavelengths at frequency
30 meV (25 meV) is represented by a grey circle labeled B
(A). Inset (d) shows a comparison between the plasmon dis-
persions for G/44-MoS2/SiO2 and G/44-WS2/SiO2. Inset (e)
is the same as (d) but now considering 82 layers of WS2 and
MoS2.
layer, we show the difference in plasmon wavelength be-
FIG. 5. (Color online) Difference in the wavelength
(∆λN,N+1) at ~ω = 65 meV (≈ 15.7 THz) between num-
bers of layers N and N + 1, from N = 1 to 5, for (a)
G/N-WS2/SiO2, (b) G/N-MoS2/SiO2, (c) G/N-MoSe2/SiO2
and (d) G/N-WSe2/SiO2. Inset is the wavelength as a func-
tion of Fermi level EF at the same frequency. Yellow regions
corresponds to ∆λN,N+1 ≥ 20 nm.
tween structures that differ only by one layer. Assuming
a lower threshold of 20 nm for the wavelength resolution,
we see that for Fermi levels of more than 140 meV, we
can achieve single-layer resolution for every considered
TMD-based vdWh.
B. Probing vdWh composition
In order to assess the difference between several MX2
structures, in Fig. 6 we show the full loss function for
the four considered vdWHs, accounting for substrate and
TMD phonons. The number of layers remains constant
NMX2 = 1 (loss function) and 50 (orange lines), and we
consider free-standing structures and those on a SiO2
substrate.
The loss function presented in the (q, ω)-plane shows
more insight in the behaviour of the different SP3 modes
than only through calculating the experimentally rele-
vant wavelength. Indeed, in the different panels of Fig. 6
one can not only distinguish the way in which an increase
in the number of vdWhs layers increases the wavevector q
(hence decreasing the wavelength λ), but also verify that
each TMD structure bears its own spectrum of phonons.
These phonons are the ones that hybridize with the Dirac
plasmons and form the SP3 modes and, by investigat-
ing the specific type of hybridization, one can infer the
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8FIG. 6. (Color online) Overview of the frequency and wave vector dependence of the plasmon SP3, at EF = 100 meV, for
vdWhs with 1 and 50 TMD layers. The background shading is the loss function for N = 1 TMD layers. The orange curves
correspond to N = 50. The different TMDs under consideration are indicated on the top of each column. The top row are for
vdWhs without a substrate, while for the bottom row they are positioned on top of a SiO2 substrate. The inset in (a), (b), (e)
and (f) show magnifications around the anti-crossing. The red and orange dotted curves denote the SP2 modes, for reference.
chemical properties of the vdWh under consideration. In
general, the MX2 type TMDs considered in this paper
have, in their monolayer form, three acoustic and six op-
tical phonon modes [66, 68–72]. However, because of
the long-wavelength character of the discussed modes,
we only excite optical ones at the frequencies considered
here. Furthermore, due to symmetry considerations, two
pairs of modes are degenerate in the q → 0 limit. More
details about the phonon structure of these materials are
laid down in Appendix .
First, we scrutinize the top row of Fig. 6, in which there
is no substrate. Although such TMDs have four distinct
optical phonon frequencies, as presented in Tab. III of
the Appendix, not all modes are strongly coupled to plas-
mons. Typically, the highest energy mode, i.e. the A′′2
mode, is strongly active in the loss function. However, it
is clear that the Dirac plasmon mode also interferes with
the other three phonon modes. Furthermore, this inter-
ference becomes much more pronounced as the thickness
of the TMD stack is increased. This is shown in the in-
sets of panels (a) and (b), where small hybridization with
the E′′ modes is shown.
In Fig. 6(b) we show the results for a WS2 heterostruc-
ture. While the A′′2 mode is more pronounced, the
plasmon-phonon hybridization of the other three modes
is significantly smaller. Notice that the spectral width
of the top mode is also broader than in the case of the
MoS2 stack. In Figs. 6(c) and 6(d), the chemical compo-
sition of the TMD stacks is changed with a replacement
of the sulfur atoms by selenium. Again, a typical phonon
spectrum is present, yielding specific types of SP3 modes.
The bottom row of Fig. 6 shows the loss function
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9FIG. 7. (Color online) (a) Graphene surface plasmon-
polariton wavelength as a function of the Fermi energy EF for
G/2-MoS2/SiO2 (orange dashed line) and G/2-MoSe2/SiO2
(red dash-dotted line) and their respective differences ∆λ
(gray dotted lines), at ~ω = 34 meV (≈ 8.2 THz). The yellow
region represents ∆λ ≥ 20 nm (see right scale). The inset
shows the plasmon-phonon dispersion at EF = 45 meV near
the hybridization region. The grey dashed line in the inset is
at ~ω = 34 meV and the orange solid line (dotted red lines) is
the result for G/2-MoS2/SiO2 (G/2-MoSe2/SiO2). (b) Group
velocity (Vg) and phase velocity (Vp) for the same vdWh as
in (a).
when a SiO2 substrate is added. A gray dashed hori-
zontal line indicates the presence of the substrate surface
phonons as discussed in the previous section. These sub-
strate phonons also hybridize with the Dirac plasmons
and render the high-frequency response of the different
vdWhs almost identical. For lower frequencies, the ad-
ditional SiO2 environment significantly reduces the plas-
mon wavelength. But furthermore, the most significant
effect of the presence of the substrate is the broadening
of the A′′2 phonon spectrum. A more in-depth analysis of
the relation between the substrate phonons in SiO2 and
the TMD phonons is referred to future research.
Finally, we are now in a position to propose a method
to discriminate between different vdWhs based on the
Dirac plasmon wavelength. To do so, in Fig. 7, we have
calculated the wavelength of two types of heterostruc-
tures that differ only in one type of atom, MoS2 and
MoSe2, at a given plasmon energy ~ω = 34 meV (≈
8.2 THz). In Fig. 7(a), the left axis gives the total value
of the wavelength for given vdWhs, while the right axis
refers to the difference ∆λ between both modes’ wave-
lengths. The result indicates that once the Fermi level
EF is large enough, in the present case larger than 35
meV, ∆λ is large enough to be distinguished by cur-
rent techniques [12, 40–46]. Notice that the difference
between both heterostructures wavelengths depends also
sensitively on the number of TMD layers in the vdWh.
In the presented result, we assumed at least two TMD
layers. For an increasing number of layers, the effect will
be even stronger, rendering N = 2 as the lower threshold
for distinguishing between chemical components, which is
a remarkably sensitive result. Fig. 7(b) shows the group
(Vg) and phase velocity (Vp) of the corresponding modes.
Notice that, in this case, the group velocity of the MoSe2
heterostructure Dirac plasmon is almost constant as a
function of the Fermi level. This is in stark contrast with
the doping dependency of the MoS2-based system.
V. CONCLUSIONS
We have demonstrated the possibility of using
graphene plasmons to probe the non-local dynamical re-
sponse of vdWHs composed by monolayer graphene on
top of TMD multi-layers. In order to do so, we have
calculated the loss function of graphene on top of differ-
ent TMDs and demonstrated how its plasmon dispersion
changes by the presence of the different materials and dif-
ferent numbers of layers underneath it. We have shown
that the QEH model for this system provides excellent
results when compared not only to available experimen-
tal data, but also to results obtained within the random
phase approximation, rendering the QEH a good alter-
native for the theoretical understanding of experimental
results involving plasmons in graphene-based vdWHs, as
well as for the theoretical predictions shown here. Plas-
mons in graphene can be experimentally observed using,
for example, scattering-type scanning near-field optical
microscope (s-SNOM) in photocurrent mode, which has
spatial resolution of at least 20 nm. Within this reso-
lution, our results for the four TMD used here, namely
MoS2, MoSe2, WS2 and WSe2, show that it is possible
to use surface plasmon-polaritons in the graphene mono-
layer to probe the number of layers in the TMD stack un-
derneath it, by analyzing the difference in the plasmon
wavelength as the number of layers change. Moreover,
since different TMDs exhibit distinct phonon frequencies,
the hybrid surface plasmon-phonon-polariton states can
be used to identify which species of TMD is underneath
the graphene layer. The latter, however, require strong
coupling between plasmons and phonons to allow one to
distinguish between the characteristic wavelengths of dif-
ferent TMDs. Nevertheless, our results show that for a
number of layers as low as N = 2, the plasmon-phonon
coupling is still strong enough to produce distinguishable
wavelengths for different materials, thus suggesting the
method proposed here as a remarkably sensitive tool.
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Appendix: Phononic structure of considered vdWh
stacks
Here we provide some important data for hBN and the
four TMDs used in the main text.
1. hBN reststrahlen bands
It is important to mention that the upper and lower
RS bands, shown in Fig. 3(b), obtained from the QEH,
presents a small shift with respect to those obtained
purely from first principles [64] and used as a reference in
the two considered experiments [40, 43]. These values are
provided in Tab. II. There are, however, no qualitative
differences, as shown in Fig. 3(e).
The difference for the hyperbolic region II is high-
lighted by the horizontal gray dashed dotted-dotted lines
(first principles [64]) and the dashed gray lines (QEH) in
Fig. 3(e). However, the observed SP3 and HP3 modes,
obtained from the QEH and the experimental methods,
are in good agreement with each other, as compared in
Figs. 3(d)-(e).
Table II gives the phonon energies that define the two
RS bands in hBN obtained from the QEH and those from
first principles[64]. As can be seen, these two methods
differ in the order of 12% (1 ∼ 2%) in the RS(I) (RS(II)).
2. Phonon frequencies of the TMDs
All phonons frequencies for the transition metal
dichalcogenide MX2 (MoS2, WS2, MoSe2 and WSe2) in-
cluded in the QEH calculations for q → 0, are provided in
Tab. III. The optical modes of vibration are represented
TABLE II. Frequencies that define the two Reststrahlen (RS)
bands in hBN obtained from first principles calculations [64]
and from the QEH model.
RS (I) RS (II)
~ωTO
(meV)
~ωLO
(meV)
~ωTO
(meV)
~ωLO
(meV)
First Prin. [64] 96.70 102.90 169.85 199.61
QEH 84.52 90.43 167.27 194.42
Diferrence (%) 12.59 12.53 1.17 2.60
by E′′, E′, A′1 and A
′′
2 (for more details see Refs. [66, 68–
72]).
TABLE III. Phonon frequencies for free-standing monolayer
of MoS2, WS2, MoSe2 and WSe2 included in the QEH calcu-
lations. The relevant vibration modes are represent by E′′,
E′, A′1 and A
′′
2 . [66, 68–72]
Phonon frequencies (meV)
1 (E′′) 2 (E′) 3 (A′1) 4 (A
′′
2 )
MoS2 34.19 46.35 47.59 56.80
WS2 35.56 42.85 50.12 52.98
MoSe2 20.18 28.10 34.37 42.53
WSe2 20.71 29.67 30.19 37.21
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